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Abstract
As the building blocks of topological quantum computation, Majorana zero modes (MZMs) have attracted
tremendous attention in recent years. Scalable mesoscopic island designs with MZMs show great potential
in quantum information processing. However, these systems are susceptible to quasi-particle poisoning
which would induce various parity-breaking errors. To solve this problem, we modify the mesoscopic
islands with gate-tunable valves and non-topological backbones. We study the lifetime of the Majorana
qubits on these modified islands which are coupled to local bosonic and fermionic thermal baths. We
consider both the parity-breaking and parity-preserving errors, and propose a parity correction scheme.
By using Jordan-Wigner transformation, we analyze the probability of logical X and Y errors. The open
quantum system is described by the Pauli master equation, and standard Monte Carlo simulations are applied
to observe the behavior of the system when the parity correction proposal is implemented. The results
demonstrate that (1) our parity correction proposal is effective to most of the parity-breaking errors; (2)
the lifetime of the qubit benefits from larger island size before it meets the threshold; (3) small chemical
potential µ on the non-topological backbones and fine tuned paring potential ∆ of the topological bulk
segment are required for high probability of correctness. Our results provide an effective error correction
scheme for the parity-breaking errors.
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I. INTRODUCTION
MZMs in one-dimensional semiconductor-superconductor are candidates to achieve topologi-
cal quantum computing (TQC) [1–6]. The non-abelian statistics and spatial separation of MZMs
are beneficial for Fault-torrent topological quantum computing (FTQC) [7–10]. As quantum gates
are implemented by the manipulations of the non-local MZMs, and the quantum information
stored in the topological states are expected to resist against any local perturbation intrinsically
[11, 12]. However, TQC could be still susceptible to the perturbations involving MZM operators
[13, 14].
FTQC is expected to provide long-lifetime Majorana-based qubits, and thus it provides great
potential in physics and material science [15–21]. Encoding Majorana qubits is a key step in
FTQC [22–25]. For a robust logical qubit, it usually consists of several physical qubits. That is,
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FTQC is actually based on encoding of large-scale qubits.
For the hardware of FTQC, the semiconductor nanowire combining s-wave superconductor can
realize effective spinless p-wave superconductor [26–29]. With the use of this heterostructure, pro-
posals for topological quantum memories and Majorana-based quantum computing are appealing
for both experimental and theoretical research [30, 31]. It is necessary to combine the large-scale
qubits encoding and the hardware design [23].
Recently, scalable network designs for FTQC set up a platform to realize a large scale of Ma-
jorana qubits manipulation [32]. Following Ref. [33], gate-tunable valves are used to manipulate
and readout the MZMs. Although the Majorana qubits are topologically protected in these net-
work designs, the quasi-particle poisoning (QPP) induced by environment perturbation can arise
various topological fermion parity-breaking errors in the system. Based on these designs, the en-
coding of Majorana qubits can substantially decrease the probability of these errors. The error
correcting codes have been studied in detail, such as topological surface codes and color codes
wildly used in quantum computation [34–38]. These codes work well in correcting topological
fermion parity-preserving errors. However, for the parity breaking errors, it is necessary to correct
the topological fermion parity before the application of the implementation of the decoding.
In this paper, we modify the network designs in Ref. [32] with gate-tunable valves and
semiconductor-superconductor backbone which is regarded as non-topological spinless p-wave
superconductor. In order to study the lifetime of the Majorana qubits, we encode the system with
Kitaev’s 1D toric code and simulate the system coupling to local thermal environment. Both
parity-breaking and parity-preserving circumstances are taken into consideration. The error exci-
tations induced by the thermal environment can be detected and corrected by the measurements
of error syndrome [39, 40]. We also suggest a proposal to correct the parity-breaking errors. The
gate-tunable valves are used to switch the error excitation state to the charge state, and switch
the topological fermion parity to charge parity which is detectable as the experiment proposal in
Ref. [41]. Therefore, it is possible to correct the parity errors caused by QPP. We firstly consider
the island configuration which contains 2 MZMs and couples to one quantum dot. The length
of the system is modified to observe the impact on the probability of error occurrence. Then
similar discussion is implemented in 4-MZM island. The validity of our error correction scheme
is verified by Monte Carlo simulation.
This paper is organized as follows. In Sec. II A, we briefly review the concept of topological
and nontopological states in Kitaev’s 1D toy model. In Sec. II B, we describe the modified hexon,
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and compare the differences from Ref. [32]. Furthermore, the box representation is implemented
in this model [39]. In Sec. II C, we encode the system with Kitaev’s 1D toric code and introduce
the bosonic and fermionic local thermal baths. We describe the open system with Pauli master
equation. In Sec. III, we suggest our parity correcting proposal and make use of the error correction
algorithm in Ref. [42] to discuss the probability of correctness. With the use of Jordan-Wigner
transformation, we analyze the probability of logical X and Y errors. In Sec. IV, we implement
the Monte Carlo simulation on the 2-MZM and 4-MZM islands respectively. Finally, in Sec. V,
we summarize our analytical and Monte Carlo simulation results.
II. MODIFIED SCALABLE ISLAND WITH MZMS
The network layouts of one dimensional topological superconductors are the basis of FTQC. In
this section, we briefly recall one dimensional Kitaev’s toy model and topological superconductor.
According to the scalable network layouts in Ref. [32], we propose the modified topological
cooper pair box and discuss the its property coupling to the thermal baths.
A. Kitaev chain and topological superconductor
One dimensional hybrid nanowire combining semiconductor and superconductor materials is a
proposal to obtain MZMs. Without loss of generality, one can show that the Hamiltonian of such
a hybrid nanowire is equivalent to that of a spinless p-wave superconductor in low energy limit
[43], which is described by the 1D Kitaev toy model in real space [26]
H = −µ
N∑
i=1
(
c†ici −
1
2
)
+
N−1∑
i=1
(
−tc†ici+1 + ∆cici+1 + h.c.
)
, (1)
where ∆ = |∆|eiφ is the pairing potential of the bulk segments, µ is the chemical potential, t
is the tunneling strength. It is useful to rewrite the Hamiltonian in terms of Majorana operators
γ2i−1 = eiφ/2ci + e−iφ/2c
†
i and γ2i = −i(eiφ/2ci − e−iφ/2c†i ).
H = − i
2
µ
N∑
i
γ2i−1γ2i +
i
2
N−1∑
i
[
(|∆|+ t)γ2iγ2i+1 + (|∆| − t)γ2i−1γ2i+2
]
(2)
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There are two phases in such a hybrid nanowire, i.e. the topological phase and non-topological
phase [39].These Hamiltonians can respectively be written as
Htop = i|∆|
N−1∑
i=1
γ2iγ2i+1, for µj = 0, t = |∆| (3)
Hnontop = − i
2
N∑
i=1
µγ2i−1γ2i, for µj < 0, t = |∆| = 0. (4)
For the topological phase, one can diagonalize the Hamiltonian by introducing the quasi-particle
operators di = 12(γ2i + iγ2i+1), i ≥ 1 and d0 = 12(γ1 + iγ2N)[8], which leads to
Htop =
N−1∑
i=1
|∆|(2d†idi − 1). (5)
Noting that the quasi-particle d0 is absent from Htop, suggesting that there are two degenerate
ground states, i.e., |0〉 and |1〉 = d†0 |0〉,thus γ1 and γ2N are isolated MZMs and arise the two
degenerate ground states |0〉 and |1〉 = d†0 |0〉. We can represent the two degenerate ground states
of the whole hybrid nanowire as
|0〉wire = |0...0〉 , (6)
|1〉wire = d†0 |0...0〉 = |1, 0...0〉 . (7)
Noting that any quasi-particle creation operators d†i 6=0 can cause the excitations of the hybrid
nanowire with energy |∆|, which is regarded as QPP. The interaction between the environment
and the hybrid nanowire is the primary source of QPP. In Ref. [32], hexon and tetron architectures
have been discussed in respect of projective measurements and Clifford completeness. In this pa-
per, we will modify the hexon and tetron architectures, and study the lifetime of Majorana code
based on the scalable islands.
B. Modified topological cooper pair box
We begin with the modified island (composed of one back bone, two bulk segments and two
Josephson junctions) for measuring the two-MZM parity p12, which is defined as the eigenvalue
of iγ1γ2. The system consists of an island coupling to a quantum dot. As depicted in Fig. 1,
two gate-tunable valves are set to connect the nontopological backbone and the two topological
segments, and the main role of the valves is to turn the error excitation states into nondegenerate
charge states, so that the topological parity detection and correction can be applied, we will further
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discuss in Section II C. The charging energy of the two topological segments is EC , and the gate-
tunable valves lead to the tunable Josephson Energy EJ . Consequently, the radio of EJ and EC
is tunable, similar configuration can be found in Ref. [33]. By tuning the Josephson Energy EJ
much larger than the charging energy EC , the topological segments would host a pair of MZMs.
The island with an overall charging energy EC can be regarded as a topological Cooper pair box.
The Hamiltonian of the modified island decoupled with the quantum dot is
Hisland =
∑
α=1,2
(HJ , α) +HC +HBCS, (8)
where HBCS =
∑
α=1,2Htop,α + Hnontop, and HC is the Hamiltonian of overall charging energy of
the island and takes the form
HC = EC(NˆS −Ng)2. (9)
Here, the operator NˆS denotes the number of Cooper pairs exceeding the neutrality in the island.
nontopological superconductor topological superconductor
quantum dot
turnable valve tunneling amplitude
MZM
1
2
FIG. 1: The minimal structure for the Majorana measurements in hexon [32]. The parity of the
structure is determined by iγ1γ2. The corresponding logical qubits are |0〉 = |0γ1γ2〉 and
|1〉 = |1γ1γ2〉. The two valves (gray) on the left side of the topological bulk segments is
gate-tunable. When the valves are open, the Josephson energy dominates the island, i.e.
EJ  EC , and the external magnetic field ~B induces the Zeeman coupling which draws the bulk
segment into topological state. When the valves are closed, i.e.EJ  EC , the bulk segments turn
into non-degenerate charge state |Q,Podd〉 or |Q,Peven〉[33].
Actually, the length of topological segments is much larger than the width of island, so NˆS mainly
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counts the charge number in topological bulk segments. Obviously, the eigenstates of HC take the
form |NS〉 where NS = ...,−2,−1, 0, 1, 2.... In general, the form of HJ,α can be written as
HJ,α = −EJ,α cos(ϕˆα), (10)
where α = 1, 2 denotes the Josephson energy in the upper Josephson junction and lower Josephson
junction respectively. Assuming EJ,1 = EJ,2 can obtain [44]∑
α=1,2
HJ,α = −EJ,1 cos(ϕˆ1) + EJ,1 cos(ϕˆ2) ≈ −EJ(φ) cos[ϕˆ+ γ(φ)], (11)
whereEJ(φ) = (E2J,1+E
2
J,2+2EJ,1EJ,2 cosφ)
1/2 is the overall Josephson energy, and φ = ϕ1+ϕ2
is the overall Josephson phase. Noting that tan γ(φ) = −[(EJ,1−EJ,2)/(EJ,1+EJ,2)] tan(φ/2) =
0, we can rewrite the Josephson energy as
HJ = −EJ(φ) cos ϕˆ. (12)
We approximately regard eiφˆ as the phase operator which adds an electron to the topological bulk
segments, i.e. eiϕˆ |NS〉 = |NS + 1〉. For the coupling quantum dot, the effective Hamiltonians are
[32]
HeffQD = hnˆf + εC(nˆf − ng)2, nˆf = f †f, (13)
Ht,QD = −ie
−iϕ/2
2
(t1f
†γ1 + t2f †γ2N) + h.c. (14)
where f † is the creation operators of the quantum dot. In order to find the relationship between
overall induced charge ng of the quantum dot and the energy of the whole structure, we will
diagonalize Htot = HC +HJ +HeffQD +Ht,QD numerically, as sketched in Fig. 13. Similar method
has been used in Ref. [32], while we consider the alterable Josephson energy here.
C. Toric code and thermal baths
To discuss the lifetime of Majorana code in the island, we firstly build up the box representation
model, which follows the method in Ref. [39]. As sketched in Fig. 2, the boxes (blue) in the
topological bulk segments represent the state of quasi-particles whose annihilation and creation
operators are di and d
†
i respectively. The right edge boxes (red circle inside) represent the unpaired
MZMs at the edge of the topological bulk segments. The boxes in backbone (green) are the normal
electron fermionic modes. The box representation is straightforward to encode the system with
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Kitaev’s toric code. Boxes in the topological bulk segments and nontopological backbones are
the stabilizer of the island (except the MZMs boxes) , thus measurement of these boxes will not
change the state of the system. However, the boxes at the edge containing MZMs are not the
stabilizers and the states are invisible.
123456
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FIG. 2: Box representation of an island contains two MZMs. Blue box is the fermion mode for
quasi-particle dj in topological bulk segment, green box is the fermion mode for electron in
nontopological backbone, red dot box is the Majorana zero mode at the edge, yellow dot is the
quantum dot coupled to the island. In this box model, the number on the boxes labels the site of
the quasi-particles or the fermion mode. Here we use the amount of boxes to denote the length of
the island and the backbone, i.e. L = 16 and Lb = 4.
The two degenerate ground states of the island sketched in Fig. 2 are |0〉 = |p12 = −1〉 and
|1〉 = |p12 = 1〉, where p12 is the eigenvalue of iγ1γ2. The stabilizer operators S topi = iγ2iγ2i+1 =
2d†idi − 1 are used to defined the states (|0i〉 or |1i〉) of the box in the topological bulk segment
at site i, and the notation ψ is used to denote the excited state |1i〉 = d†i |0i〉 in the box [39]. For
the nontopological backbone, stabilizer operators take the form Snontopi = iγ2i−1γ2i = c
†
ici − 1/2
and the notation ψ′ is used to denote the excited state |1′i〉 = c†i |0′i〉. The ground-state subspace of
the stabilizer operators in the bulk segments and backbone forms a stabilizer code, which can be
regarded as 1D Kitaev toric code.
The Hamiltonian of an open quantum system coupling to thermal baths can be written as: [45]
H = HS +HB +HSB (15)
where HS and HB are the Hamiltonians of the system and the thermal baths respectively. HSB
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denotes the interaction between the system and the thermal baths. The local operators of the
system are distinct in different parts of the boxes sketched in Fig. 2. In this paper, we introduce
two external thermal baths, i.e. the non-interacting bosonic bath and fermionic bath. We use B†i
(C†i ) and Bi (Ci) to denote the creation and annihilation operators of the bosonic (fermionic) bath.
Both baths are local and can be respectively written as:
H
(1)
B =
∑
i
ωiB
†
iBi. (16)
H
(2)
B =
∑
i
εiC
†
iCi. (17)
Following the model in [39], the interaction between bosonic thermal bath and the island is as-
sumed to couple to effective charge of the island:
H
(1)
SB = −
∑
i
Bi ⊗ (2c†ici − 1) (18)
As the Hamiltonian of the topological bulk segments can be diagonalized by the quasi-particle
operators d†i and di, the bosonic bath leads to the ψ excitation creation, annihilation in pairs or
shifting in the topological bulk segments, while it do not work on the nontopological backbone
[39].
The interaction of fermionic thermal bath and the island is assumed to be
H
(2)
SB =
∑
i
tiC
†
i ⊗ ci + h.c. (19)
where ti is the tunneling amplitude. The charging energies of topological bulk segments leads to
large Coulomb blockade (i.e. ti is small) [32], thus the interaction between the fermionic thermal
bath and the topological bulk segments is neglected in this paper. The nontopological backbone is
susceptible to the fermionic thermal bath which will induce the ψ′ excitation creation and annihi-
lation individually.
The interaction bosonic and the fermionic baths on the quantum dot is quite complicated [46].
For simplicity, we focus on the effect of the fermionic bath, which can be written as
H
(3)
SB = tdC
† ⊗ f + h.c. (20)
where td is the tunneling amplitude between the the fermionic bath and the quantum dot.
Assuming that the tunneling Hamiltonian between the backbone and the bulk segment through
the valves are affective by the strong hybridization on the left side, thus it takes the standard form
Ht = −Γ(c†dend + h.c.), (21)
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where c† is the electron creation operators at the edge of the nontopological backbone and dend is
the adjacent quasi-particle annihilation operator of the topological bulk segment. Noting that In
this model, we have assumed that all the tunneling processes are related to the two kinds of thermal
baths, which will be taken into consideration in Monte Carlo simulation. One can describe an open
system in thermal baths by Pauli master equation [39, 45]
d
dt
P (n, t) =
∑
m
[W (n|m)P (m, t)−W (m|n)P (n, t)]. (22)
Here W (m|n) = γ(ω)| 〈m|A(ω) |n〉 |2 is the error transition rate, and we consider the Ohmic bath
correlation functions
γ(ω) = κ| ω
1− exp(−βω) |, (23)
where ω = En −Em denotes the energy difference between state |n〉 and |m〉. In Fig. 3, we list ω
of different interaction cases.
III. ERROR CORRECTION AND PARITY CORRECTION
The string operator could create the excitations Sj = −1 and Sk = −1 on sites j and k
respectively. As the positions of ψ or ψ′ in bulk segments and backbone are detectable as the error
syndromes, string operators can be applied to fuse the excitations on thses sites, which takes the
form [1]
Sj,k = γ2j+1γ2j+2...γ2k. (24)
Hard-decision renormalization group (HDRG) decoders have been used in topological error
correction [47]. In this paper, a simple form of HDRG decoder in Ref. [42] is implemented.
Similar method has been studied in [39] and [48], while we consider more complex cases here.
The errors caused by local thermal baths interaction in the bulk topological segments (blue
boxes) are assumed to be parity conserving, while the interactions on backbone and the electron
tunneling from the quantum dots will break the parity of the island. When the parity of the island
is flipped, the HDRG decoder will draw the error excitations to the MZMs of the island and cause
the error topological states. Thus we need to correct the parity firstly. As depicted in Fig. 4, it
contains the following procedures:
(1) Initialize the island with the open valves. The charging energy of bulks is quenched and the
bulks are in topological states with MZMs γ1 and γ2.
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FIG. 3: Besides the cases of hooping, creation and annihilation considered in Ref. [39], the
parity-breaking interaction between the thermal baths and the non-topological backbone has been
taken into consideration here, as well as the tunneling processes. Arrows in the tunneling block
means that the charge is hooping with the fermionic tunneling.
(2) Close the valves. The strong coulomb effect would draw the system into nondegenerate
charge states |Q1〉 and |Q2〉. Odd number of electron tunneling would flip the charge parity, i.e,
|Q1, P1〉 → |Q1 ± (2N + 1),−P1〉, while the even number of electron tunneling would not, i.e,
|Q1, P1〉 → |Q1 ± (2N), P1〉. With the use of the quantum dot on the right side, charge sensors is
implemented and the charge parities of |Q1〉 and |Q2〉 can be detected, as the experiment proposal
in Ref. [41]. If the parities are different, a weak photon pulse is injected into the middle region
of the backbone. The energy of the photon pulse is precisely controlled so that only one electron
excitation or annihilation would happen in the backbone to flip the parity of the island.
(3) Open the valves and the bulk segments recover back to the topological state with MZMs at
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the edge.
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FIG. 4: Protocol to correct the parity of the island. Firstly, the valves are closed and the excitation
parity is turned into detectable charge parity states. Secondly, if the charge parity states are
different, a weak photon pulse is injected into the mid area of the backbone which would flip the
excitation parity of the island. Finally, the valves are closed and the bulk segments revert to be
topological.
It is important to note that this parity correction protocol can not correct the parity-breaking
errors aroused by the backbone-thermal baths interaction, because |Q1, P1〉 and |Q2, P2〉 will not
change when any creation or annihilation is happened in the backbone, i.e, it is undetectable for
this protocol. We will see that the parity breaking in backbone would still induce the logical X or
Y error. We can use the Jordan-Wigner transformation to estimate the probabilities of logical X
or Y errors. It is convenient to rewrite the nontopological backbone Hamiltonian in terms of spin
operators
Hb = − i
2
N∑
i=1
µγ2i−1γ2i =
µ
2
N∑
i=1
σzi , (25)
where we have used the relationships
γ2i−1 = (
i−1∏
k=1
σzk)σ
x
i , (26)
γ2i = (
i−1∏
k=1
σzk)σ
y
i . (27)
The number of the spin flips in the backbone follows Poisson distribution with mean N = Wt,
where W is the total rate of error transitions caused by the interaction between the backbone
and thermal baths. For simplicity, we use Lb to denote the length of the backbone, and we take
W = |µ|Lb in high-temperature regime. We can obtain the probability of number k of the spin
flips in the backbone.
P (k) =
(Wt)k
k!
e−Wt. (28)
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An odd number of spin flips in the non-topological backbone will induce the logical X or Y errors,
thus we can obtain
PX = PY =
1
2
Lb
L
∞∑
k=odd
(Wt)k
k!
e−Wt =
Lb
4L
(1− e−2Wt) (29)
where L is the total length of the island. This expression shows that the value of PX or PY tends to
a fixed value, which is expected to be Lb/4L when τ is large enough, as sketched in Fig. 5. It will
be verified in Monte Carlo simulation. PX or PY is not only related to the length of the backbone
but also relevant to the chemical potential µ and the pairing potential ∆.
0 2 4 6 8 10
0.00
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0.07
0.08
P

 L=15
 
 L=35
 
 L=55
 
FIG. 5: Probability of the logical X or Y error as a function of time τ . Here we compare the
infection of different island length L = 15, 35, 55, while the length of the backbone is fixed by
Lb = 4. (a) We take µ = −2 and W = |µ|Lb = 8 in high-temperature regime. (b)We simulate the
2-MZM island with the Monte Carlo method below. We take ∆ = 0.7 and µ = −2 to draw the
error transition rates approximate in the backbone and the bulk segment (make it similar with the
fixed error transition rate W in the analytical results). The other parameter values are listed in
Table I.
IV. MONTE CARLO SIMULATION
To study the property of the error correction in scalable island, We use the Pauli master equation
(22) to describe both of the islands and simulate the 2-MZM and 4-MZM modified islands with
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TABLE I: Parameters in Monte Carlo simulation of 2-MZM modified island
β Ng EC h εC ng t1,2 Γ
2 0.1 1 0.5 5 0.35 0.8 0.8
standard Monte Carlo method. As the parameter values of ∆ and µ would act as the key role of
the Monte Carlo results, we firstly discuss the probability of correctness as a function of these
parameters. Then we chose the reasonable parameter values to study the 2-MZM modified island.
Finally, as the 4-MZM modified island is coupled to two quantum dots, more electron tunneling
situations will be taken into consideration.
A. Two-MZM island simulation
The Monte Carlo study of the scalable design will begin with the simplest structure as we sketch
it in boxes form in Fig 2. We use the standard residence time Monte Carlo algorithm to study the
Pauli master equation [49]. The simulation is implemented according to the following steps:
(1). Initialize the relevant parameters of the system.
(2). Determine the time δτ = − ln(u)/Wtot for the next jump, where u is a random number
distributed in the interval (0, 1) uniformly. Wtot =
∑
mW (m|n) is the total error transition rate
caused by the interaction between the system and the thermal baths for a system state |n〉.
(3). Update the simulation time to τ + δτ and if τ + δτ ≤ τsim, go to step 4, or go directly to
step 5.
(4). Implement the error transition randomly on the system according to the probability. Go
back to step 2.
(5). Detect the stabilizer operators and apply the error correction protocol including the parity
correction and the HDRG algorithm. Record the state of the system. In order to simulate the
excitation caused by the weak photon pulse injection, the parity correction here is implemented
through flipping one green box of backbone randomly if the charge parity is different.
(6). Repeat step (1) to (5) thousand of times and record the rates of correctness and different
errors.
In Fig 6, we apply the Monte Carlo method on the 2-MZM island and change the parameter ∆
within the range of 0.2 to 1.8 and µ within the range of −2.5 to −3.4. For fixed µ, the value of
14
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FIG. 6: Monte Carlo result of the probability of correctness PI of the modified 2-MZM island
with L = 108. We set τsim = 105. We take ∆ within the range of 0.5 to 2.0 and µ within the range
of −2.5 to −3.4.
PI increases with ∆ firstly, and then decreases. It implies that the value of ∆ could be fine tuned
to obtain the maximal probability of correctness in experience. The logical X and Y errors are
suppressed by the decreasing of µ, thus for the fixed ∆, PI increases with the decreasing of µ.
We use ∆ = 1 and µ = −3, and simulate the island with L = 108, 308, 508, 708 to observe
the influence of the island length. In Fig .7, we exhibit that the probabilities of logical errors
with different length as functions of τ . We use (PX + Py)/2 to describe these errors here. It
can be observed that the probability of logical X and Y errors decreases with the length of the
island and it would meet a threshold, which corresponds to our discussion in Sec. III. The parity
breaking excitations in the bulk segments are offset by our parity correction method and only the
odd number of anyon excitations in the backbone would cause the logical X or Y errors. The
probabilities of logical X and Y errors are similar because the generation of the excitations in
backbone is random and the HDRG decoder would draw excitations to the upper MZM or the
lower MZM randomly. Furthermore, the Monte Carlo results show that there is a threshold (about
0.005) for (PX +Py)/2, as we lengthen the 2-MZM modified island. The probability of the logical
Z error has no significant change with the length of the island because the anyon tunneling is the
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major source of the logical Z error, which is not apparently affected by the length of the island.
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FIG. 7: The error probabilities (PX + PY )/2 (solid lines) and PZ (dashed lines) as functions of τ
of the 2-MZM modified island with L = 108, 308, 508, 708 coupled to a quantum dot. We use
∆ = 1 and µ = −3 for the system. The length of backbones are fixed with 8 boxes. We set the
simulation time τsim = 105 here.
B. Four-MZM island simulation
Similar discussion is implemented on the configuration of the modified 4-MZM island in Fig. 8.
In this configuration, 4 MZMs and the mutual interaction between the two quantum dots are taken
into consideration. Thus the effective Hamiltonians for the quantum dot and tunneling are [32]
HeffQD =
∑
i=1,2
hinˆf,i + εC,i(nˆf,i − ng,i)2 +Hm (30)
Ht,QD = −ie
−iφ1/2
2
(t1f
†
1γ1 + t2f
†
2γ2)− i
e−iφ2/2
2
(t3f
†
1γ3 + t2f
†
2γ4) + H.c., (31)
whereHm = M(nˆf,1−ng,1)(nˆf,2−ng,2) is the mutual interaction Hamiltonian of the two quantum
dots. Electrons in each quantum dot have two directions to tunnel. Such kind of tunneling would
break the parity of the island.
The parity of 4 MZMs is determined by p = (iγ1γ2)(iγ3γ4). For clarity, we use p = +1 and
thus obtain |0〉 = |0γ1γ2 , 0γ3γ4〉 and |1〉 = |1γ1γ2 , 1γ3γ4〉. We list all the logical errors in Fig. 9
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FIG. 8: Box representation of the four-MZM modified island with L = 32 and Lb = 4. The
four-MZM parity is determined by p = (iγ1γ2)(iγ3γ4). The upper quantum dot is tunnel coupled
to γ1 and γ3 with the tunneling amplitude t1 and t3 respectively. And the lower quantum dot is
tunnel coupled to γ2 and γ4 with t2 and t4. The mutual charging energy of the two quantum dots
is taken into consideration [26]. Therefore, when we calculate the probability of the interaction
between the quantum dots and the thermal baths, the occupations of these two quantum dots are
taken into account.
and every logical error corresponds to two excitation cases. Besides the logical errors, any other
excitation errors are classified as the else error.
Logical X error
 
 
Logical Y error




Logical Z error




Logical I

 

FIG. 9: We represent Logical I (the correct cases), X, Y, and Z errors with the sites of excitations
of MZMs. Every logical error corresponds to two excitation cases.
The Monte Carlo simulation is implemented by the following steps:
(1). Initialize all parameters of the 4-MZMs modified island. The parameters values here are
consistent with the ones of 2-MZM island.
TABLE II: Parameters in Monte Carlo simulation of 4-MZM modified island
β Ng EC h1,2 εC,1,2 ng,1,2 t1,2,3,4 Γ εM
2 0.1 1 0.5 5 0.35 0.8 0.8 0.5
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(2). Determine the time δτ = − ln(u)/Wtot for next jump.
(3). Update the simulation time to τ + δτ and implement the error transition randomly on the
system according to the transition rate. If τ + δτ ≤ τsim, go to step (4) or go back to step (2).
(4). Detect the stabilizer operators and apply the parity correction proposal on both islands
simultaneously, make sure that the valves are opened and closed at the same time. Then apply the
HDRG algorithm to correct the error excitations.
(5). Repeat step (1) to (4) one thousand times and record the probabilities of correctness and
different errors.
In Fig 10, we set L = 108, 308, 508 to compare the probability of correctness (PI) of the 4-
MZM to the 2-MZM modified island. The length of nontopological backbones are set to 8 on
both sides of the 4-MZM island. The dashed lines represent the Monte Carlo result of the 4-MZM
modified island while the solid line curves for the 2-MZM ones which we have simulated in Fig 7.
The result shows that longer islands have higher probability PI than the shorter ones. As we had
discussed in Section III, the probabilities of logical X and Y errors are suppressed by the length of
the island. The result also shows that the 2-MZM modified island performs better than the 4-MZM
one with the same length. That is because more tunneling channels and higher proportion of the
nontopological backbones are contained in the the 4-MZM modified island.
Similar to the way of choosing parameter values in 2-MZM modified island, we change ∆
within the range of 0.2 to 1.8 and µ within the range of −2.5 to −3.4 in Fig 11. Compared to
the 2-MZM modified island, the peaks of the curves are in the lower positions, which means that
the 4-MZM ones needs smaller µ for high probability of correctness. That is because the 4-MZM
modified island is coupled to 2 quantum dots and has more tunneling channels. Proper ∆ and
smaller µ are beneficial to suppress the probability of the tunneling and the anyon excitations in
the backbones.
As we have discussed in the case of the 2-MZM modified island, though our parity correct-
ing proposal can correct the QPPs in the bulk segments, it is still susceptible to the ones in the
backbones, which are the primary source of else errors, as depicted in Fig. 12. Different from the
2-MZM cases, the major errors here are the logical Z gate and else errors. Logical X and Y errors
are almost suppressed entirely (≤ 10−3), thus they are neglected. The probability of the else er-
rors tends to a fixed value, which is suppressed by the length of the 4-MZM modified island. The
threshold is around Pelse ≈ 0.035 with the increasing of the island length. The probabilities of the
logical Z gate error are similar.
18
0 2 4 6 8 10
0.80
0.85
0.90
0.95
1.00
PI

 L=108
 
 L=308
 
 L=508
 
FIG. 10: Probability of correctness (PI) of the 2-MZM and 4-MZM modified island with length
L = 108, 308, 508. The solid lines correspond to the 2-MZM modified islands while the dashed
lines correspond to the 4-MZM ones. We use ∆ = 1, µ = −3 and other parameters values are
listed in Table I and II. The maximum time of simulation is set to be τ = 105.
V. CONCULSION
In this work, we have modified the 2-MZM and 4-MZM islands in Ref. [32] for scalable quan-
tum computing and proposed a parity correction scheme. Based on these modified islands, we have
simulated the system in two local thermal baths with Monte Carlo method. The parity correction
scheme is valid against the QPPs in the bulk segments. However, the parity breaking excitations
in the backbones can still cause some annoying errors. These annoying errors can be suppressed
by lengthening the topological bulk segments although it would meet a threshold. Furthermore,
adjusting the chemical potential of the non-topological backbones and the pairing potential of the
topological bulk segments is effective to reduce the probability of these errors. The Monte Carlo
results show that when our parity correction scheme is implemented, to a certain degree, larger size
island has better error correction rate than the smaller one. However, if the the threshold of size is
met, lengthening the island cannot improve the probability of correctness. Instead, it will lead to
worse error correction rate because of the long-time application of the error correction algorithms,
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FIG. 11: The Monte Carlo result of the 4-MZM modified island with different parameter values
of ∆ and µ. The simulation time is τ = 105. We take ∆ within the range of 0.5 to 2.0 and µ
within the range of −2.5 to −3.4, while the other parameter values are listed in Table II.
which is in agreement with the result of [22, 39, 47, 50]. Besides, small chemical potential µ of the
backbone and fine-tuned pairing potential ∆ of the bulk segment are required for high probability
of correctness.
Gate-tunable valves and non-topological backbones are the essential ingredients of our pro-
posal. With the help of these valves, the error excitation states are turned into the charge states,
which are detectable in experiments. We take advantage of non-topological backbones to imple-
ment the anyons fusion by the string operators and topological fermion parity correction by the
weak photon pulse. In this work we study a single island for simplicity. For large scale FTQC,
several islands are needed to implement the braiding transformations through the measurement-
only schemes. The lifetime of the Majorana based qubit is more complicated, and more error
correction algorithms should be considered. However, the generalization would be straightfor-
ward. We expect that our modified island scheme could be applicable for the multiple islands
error correction.
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FIG. 12: Probabilities of logical errors as functions of τ , which corresponds to the box model of
the 4-MZM modified island with L = 216, 616, 1016, 1418, and 2 quantum dots are taken into
consideration here. We use ∆ = 1, µ = −3. The length of the backbones are Lb = 8 on both
sides, we change the length of the bulk segments while the length of backbones are remained
unchanged. The solid lines represent the probabilities of logical Z gate error of the 4-MZM
modified islands with different sizes.
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Appendix A: Numeric diagonalization of Htot
In this appendix, we diagonalize Htot numerically to discuss the effect of the two additional
gate-tunable valves on the two-MZM island in Sec. II C. Following the method in Ref. [32], define
the operator Γ1 = eiφ/2γ1 and Γ1 = eiφ/2γ2N . For the decoupled MZM island HC , we consider
21
the 7 lowest-energy state |Ns, p12〉 here:
|0〉 = |NS = 0; p12〉 , (A1)
|1〉 = |NS = 1;−p12〉 = Γ†1 |0〉 (A2)
|2〉 = |NS = −1;−p12〉 = Γ1 |0〉 (A3)
|3〉 = |NS = 2;−p12〉 = Γ†1 |1〉 (A4)
|4〉 = |NS = −2;−p12〉 = Γ1 |2〉 (A5)
|5〉 = |NS = 3;−p12〉 = Γ†1 |3〉 (A6)
|6〉 = |NS = −3;−p12〉 = Γ1 |4〉 (A7)
And the two states |n˜f〉 for quantum dot Hamiltonian HQD are
|0˜〉 = |n˜f = 0〉 ; (A8)
|1˜〉 = f † |0˜〉 . (A9)
With the notation of Γi, we can write Ht,QD in the form
Ht,QD = − i
2
f †(t1Γ1 + t2Γ2N) + h.c. (A10)
Noting that
iΓ†1Γ2N = iγ1γ2N = p12 (A11)
we get
Γ2N |0〉 = Γ2NΓ1Γ†1 |0〉 = −ip12 |2〉 (A12)
Γ2N |1〉 = Γ2NΓ†1Γ1 |1〉 = −ip12 |0〉 (A13)
Γ2N |2〉 = Γ2NΓ1Γ†1 |2〉 = ip12 |4〉 (A14)
Γ2N |3〉 = −Γ†1Γ2N |1〉 = −ip12 |1〉 (A15)
Γ2N |4〉 = Γ2NΓ1Γ1Γ1Γ†1 |0〉 = −ip12 |6〉 (A16)
Γ2N |5〉 = Γ2NΓ†1Γ†1Γ†1 |0〉 = −ip12 |3〉 (A17)
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Ht,QD
∑
µ
|µ〉 〈µ| ⊗
∑
β
|β˜〉 〈β˜|
= (− i
2
f †(t1Γ1 + t2Γ2N))
∑
µ
|µ〉 〈µ| ⊗
∑
β
|β˜〉 〈β˜|+ h.c.
= − i
2
(t1Γ1 + t2Γ2N)(|0〉 〈0|+ |1〉 〈1|+ ...+ |6〉 〈6|)⊗ f †(|0˜〉 〈0˜|+ |1˜〉 〈1˜|) + h.c.
= − i
2
[t1(|2〉 〈0|+ |0〉 〈1|+ |4〉 〈2|+ |1〉 〈3|+ |6〉 〈4|+ |3〉 〈5|)
+ t2(−ip12 |2〉 〈0| − ip12 |0〉 〈1|+ ip12 |4〉 〈2|
− ip12 |1〉 〈3| − ip12 |6〉 〈4|) + ip12 |3〉 〈5|]⊗ |1˜〉 〈0˜|+ h.c. (A18)
The Josephson energy term can be written as
HJ = −EJ
2
(
∑
n∈Z
|NS〉 〈NS + 1|+ |NS + 1〉 〈NS|) (A19)
We can write the whole system Hamiltonian
Htot = HC +HJ +H
eff
QD +Ht,QD. (A20)
The energy eigenvalue can be obtained by diagonalizing the total Hamiltonian, as shown in
Fig. 13.
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